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1. INTRODUCTION 
Consider the Sturm-Liouville 
UN + (A - g(x)) u = 0, u(0) = U(1) = 0. (1) 
We shall assume that g(x) is nonnegative. Then, as we know, the equation is 
equivalent to the integral equation 
u = X 
s 
’ h(x,y) u(y) dy. 
0 
(2) 
The kernel is the Green’s function of the equation with h = 0. We know that it 
is symmetric, nonnegative and variation-diminishing; for a simple proof of these 
results see [l] [2]. 
We know that the characteristic values are all real and positive, 
0 < Al < A, < **- < An ,..., h - n27r2. (3) 
Straightforward methods establish this and the corresponding asymptotic 
results for the characteristic functions. 
We can form the zeta function 
f(S) = 2 A,“. 
n=x 
This series converges for Re(s) > 4. 
The purpose of this paper is to obtain a representation of f(S). In Section 2, 
we discuss the integral equation we shall use. In Section 3, we discuss the 
representation and the question of analytic continuation. In Section 4, we discuss 
integral equations and the multidimensional case. 
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2. THE ASSOCIATED 
Consider the integral equation 
BELLMAN 
INTEGRAL EQUATION 
Here, t takes all values between zero and 00, and Iz,(x, y) is the iterated kernel. 
When t = 0, the solution is immediate. For large t we have the asymptotic 
relation 
k(x7 r>/t* (4 
This relation is immediate from the integral equation, or the exact solution 
given below. 
By Mercer’s theorem, we have 
k(x, y) = 2 ‘m(“)h”.(y) . 
7l=l n 
(3) 
We have a similar expression for the iterated kernel. The expansion in 
Mercer’s theorem follows immediately from the integral equation in Section 1. 
Using these relations, we have the solution of the integral equation 
We now multiply both sides by t+, where 0 < Re(s) < 1, and integrate 
over t between zero and co. We thus obtain, after some elementary manipulation, 
the representation 
s 
cc 
v(x) t-8 dt 
0 
dt = f %Z($$Y) , 
T&=1 n 
(5) 
If we set x = y, and integrate over zero to one, we obtain the zeta function. 
3. ANALYTIC CONTINUATION 
It remains to obtain the analytic continuation. For Sturm-Liouville equations 
this is easily done since we have the asymptotic behavior note above in Section 1. 
However, we can also use the left-hand side to obtain analytic ontinuation. 
The condition on s ensures that both sides have a common region of existence. 
The fact that the denominator can be evaluated exactly makes analytic 
continuation easier. 
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4. DISCUSSION 
These results can be extended to multidimensional equations. However, a 
good deal more analysis necessary. The results can also be extended to general 
integral equations with the aid of some additional ssumptions. 
Finally, let us note that if g(x) is equal to zero, we have the Riemann zeta 
function. 
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